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FRACTIONAL INTEGRALS ON WEIGHTED H? SPACES

BY
ANGEL E. GATTO, CRISTIAN E. GUTIERREZ! AND RICHARD L. WHEEDEN?

ABSTRACT. We characterize the pairs of doubling weights (u,v) on R™ such
that

Hafllgg <cllfllge, 0<p<g<oo,
where I, a > 0, is the fractional integral operator. We also consider the

behavior of an associated maximal function. Applications of the results to
Sobolev inequalities in weighted LP spaces are given.

1. Introduction and notation. In this paper we will characterize the pairs
of doubling weights (u,v) on R™ such that

MHofllas <cllflluz, 0<p<g<oo,

where I,,, o > 0, is the fractional integral operator. We shall also give applications
of these results to Sobolev inequalities in weighted LP spaces.

A weight function u is said to belong to D,, p > 1, if u(tQ) < ct™u(Q) for
every t > 1 and every cube Q C R", where u(Q) denotes the u-measure of Q and
tQ is the cube with the same center as () but with ¢ times the edgelength. We write
Do = U,>1 Du- Analogously, u € RD,, v > 0, if u(tQ) > ct™u(Q) for every
t > 1 and every cube Q. It is not hard to see that if u € Do, then u € RD,, for
some v > 0. We write u € RH,., r > 1, if

( l%l /Q u(z)" dz)l/r <o Iél /Q u(z)dz for all Q.

S, 8’ and Sy o will denote respectively the class of Schwartz functions, the tempered
distributions and the class of functions in S whose Fourier transform has compact
support disjoint from the origin. L is the class of functions g such that ||g|| .= =
(f lg(z)[Pu(z) dz)'/? is finite. If ¢ € S, [p(z)dz # 0 and f € §’, then we denote
as usual F(z,t) = (f * ¢¢)(z), where ¢;(z) = t~"¢(z/t), and

N(f)(z) = sup |F(y,t)], withTqa(z)={(y,t):ye R™ t>0, [z—y| < at},
(v:t)€Ta ()

a>0.

The space HE, 0 < p < oo, consists of all distributions f € S’ such that ||f|| gz =
IN(f)lle is finite. If u € Do, the definition of H? is independent of ¢ and a, and
£l 2z is equivalent to ||[No(f)l|Lz, where No(f)(z) = sup,sq |F(z,t)| (see [8]).
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If a > n, we write
N —la-n if a is an integer,
*7 lla=n—-1+1  otherwise,

where [z] denotes the integer part of z, and define S, for 0 < @ < n by S, = § and
fora>nby Sa={f€S: [f(y)yPdy =0, |B| < No}. If is defined by means

of its Fourier transform, (I.f) (z) = |z|~*f(z), and it can be shown (see [6]) that
for f € Sa, Iaf(z) = (ka * f)(z), where

ko (z) = Ca,nlz| T if & # n+ 2m,
T | eamlz| " log |z if @ =n+ 2m,
m =0,1,2,.... Also, by checking Fourier transforms, we have

I.f(z) = c/ooo t*~1F(z,t) dt

if f € S4 and the convolver ¢ is radial (see (3.2)).
For a,e € R, u a nonnegative function and f € §’, we introduce the following
maximal function:

Mo u,e(f)(z) = sup t%u(By(z))*/"|F (z, )],

where B;(z) denotes the ball with center z and radius ¢.

For this maximal operator we will characterize the pairs of weights (u,v) for
which H? is mapped into L. In proving this, we will use Carleson measures. We
then obtain results for fractional integrals by proving weighted versions of inequal-
ities due to Welland [11] and Hedberg [7].

Statement of the results.

THEOREM 1. Let0<p<g<oo,u€ D,NRD,, v € Dy and a,€ € R satisfy
e>—-a/uifa>0ande > —a/v if « <0. Then
1 Maue(FllLe < cllflluz
if and only of
(1.1) Q| ™u(Q)/™+9 < cv(Q)/P  for every cube Q.
In case ¢ = 0, we will see that the sufficiency statement in Theorem 1 is true

without the assumption that u € D.,. This case is especially interesting since for
nonnegative functions f and ¢ it is not hard to see that

« ~ L
pFE0) > o e [ 1)
Moreover, the sufficiency statement can be modified as follows for ¢ > 0 without
assuming u € Dyo: if0 < p< g< 00,v€ DooNRD,, € > 0and o > —veq/p, then
(1.1) implies that || Ma,ue(f)llzg < cllfllaz-

THEOREM 2. Leta>0,0<p < q< 00, u,v € Dy,. Then
Hafllnz < cllflluz  for every f € S

if and only f
(1.2) 1QI*/™u(Q)Y < cv(Q)YP  for every cube Q.
We will also prove the following theorem in which it is not assumed that u € D,.
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THEOREM 3. Leta>0,0<p<n/a, 1/p* =1/p—a/n and p < q. Then if
v € RH,. /, and the pair (u,v) satisfies (1.2) we have

[Hafllzg < cllfllaz  for every f € Sa.

If also p > 1 and v has the property that ||f||zz ~ ||f||Lz for f € S, then we
may replace || - || gz by || - ||z in the theorems above. This is certainly the case if
v € Ap, i.e., if for all cubes Q,

<ré|/0v(:v)dx> (r;l/Qv(z)_l/(p_l) dx)p_l <cg,

and is even true for more general v (see (2] and [9]). Note also that || I f|lzzs <
1o fl|rrg for f € Sa, so that our theorems also yield results for L and L5.

The technique used to prove Theorem 2 can be used to obtain the following
result of Strémberg and Wheeden [10], which concerns the case p = ¢ in Theorem
2.

THEOREM 4. Let o > 0, 0 < p < 00, u € Dy, {ar}7, be a sequence of
distinct points in R™ and

M@ = 0+ leb I (722%0)™, o<avs<a

_ ooy \1+ |z — al
Then, if v(z) = I (z)Pu(z), we have

[Hafllnz < cllfllaz  for every f € Sa.

In case 0 < p < 1, Theorem 2 was proved by a different technique in [10]. In
case p > 1, Theorem 2 is an improvement of a result in [10] where it is assumed
that u satisfies the stronger condition u € Ay, where A,, denotes Up>1 Ap.

Theorem 4 has an analogue for ¢ > p. In fact, it is shown in [10] that if
0<p<o0,0<1/p—1/g<a/n,B/n=a/n-(1/p—1/q) and

n(z)—(1+|z|)ﬁﬁ(L“—’L)ﬂk 0< B <p
= e \I+[z—ar/ =Pk =

then for u € Ay, and v(z) = u(z)P/M(z)?, we have

Hafllng < cllfllmz for every f € Sa.

This can be obtained as a corollary of Theorem 2 by using the simple fact from
[10] that the pair (u,v) satisfies (1.2).

As an application of Theorems 2 and 4, we shall deduce in §4 the following
Sobolev type inequality:

If1<p<q<oo,then

(13) 171z, < clVSlze , for every f € CF°
with support disjoint from the origin if and only if
(14) 1/g+v/n=1/p+(B-1)/n#0,

(1.5) l/p-1/g<1/n.
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When 1/¢ > —v/n, (1.3) is valid for every f € C§° by passing to the limit. This
last case is contained in the results given by Caffarelli, Kohn and Nirenberg in [3].
The case 1/qg < —7/n can be obtained from the case 1/q > —v/n, and vice-versa,
by changing variables. Actually, as we shall see in §4, if (1.3) holds for a given p
and ¢ and a single pair ~, § satisfying (1.4), then it holds for the same p and q and
all pairs ~, 3 satisfying (1.4), the class of f being those C§° functions with support
disjoint from 0.

The exclusion in (1.4) of the case 1/q+~/n = 0 is necessary since the inequality
||f||L|q - < c||Vf||L|p - does not hold for all f € C§° with support disjoint from

0. This can be seen by choosing f(z) = ¢(|z|), where given 0 < ¢ < R < o0,
dt)=1ife<t< R, ¢(t)=0ift <e/2o0rift > 2R, and ¢ is essentially linear
elsewhere. In fact, the left side is then equivalent to [log(R/¢)]'/9, while the right
is bounded by a constant independent of ¢ and R.

2. Proof of Theorem 1. We begin by recalling a well-known result on Carleson
measures (for a simple proof, see Theorem 2 of [5]). We shall use the notation
Bg = {(z,t): 2 € Q, 0 <t <1}, where Q is a cube and [ is the length of its side.

LEMMA (2.1). Let o and v be nonnegative measurable functions on R7+' and
R™ respectively, and v € D,. Then for 0 < p < ¢ < oo,

(/Rnﬂ |F(z,t)|? o(z,t)dz dt) v <e (/Rn N () @)Pola) dz) 1/p

for every measurable f on R™ if and only if 0(Bg) < cav(Q)¥/P for every cube

Q. The relationship between cy and cy is given by ¢; = cp,qc;/ 9, where cpq is a
constant depending only on p and q.

Also, we will use the following mean value inequality due to Stromberg and
Torchinsky (8]: Let ¢ € S, [¢#0, f € §', F(z,t) = (f *$:)(z), 0 < ¢ < co. Then
for every a > 0 and N > 0, there is a constant ¢ depending only on ¢,q,a and N,
such that

at _ N
Y : )Y o (1) g
:l:t|<c/ /"llfy, < > s (t) dys.

To prove the sufficiency, we will first show the following estimate:

(22) ME..(f u<4 L (0.5 < nm>

. s~raa=1y(B,(z))*" dy ds

for N sufficiently large. In fact, taking @ = 1 in the mean value inequality above
and observing that if 0 < s < t, then for ¢ > 0

ag+equ
couB@) I <ot (1) uB @)

while for e <0

t%9u(By(x))*/™ < s°9(t/s)*u(Bs(2))*/",
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we obtain
a e/n ¢ Iz—yl —aN
u @y Fe gy <c [ [ Pwoe(1+E254)

(N-1—0a)
ety By @) e (3)TT dya,

where 7 = e if € > 0 and 7 = 0 if € < 0. In any case, since (s/t)9(¥N—7-2) < 1 for
sufficiently large N, we obtain (2.2) by taking the sup in ¢ > Q.

Now, if we integrate (2.2) with respect to u(z)dz and change the order of inte-
gration on the right, it suffices to prove that the measure

o(y,s)dyds = {s‘l'""""q/ (1 + @) " u(Bs(x))5 u(z) dz} dyds

is a Carleson measure, i.e., 0(Bg) < cv(Q)¥/?. In fact, observing that
14 B8} gk (24l
s T X\ ox+1g )0

where x(z) is the characteristic function of |z| < 1, we have

l 00 .
[ [ ottt < eS| [ gmiemies
N x (ZZ8 oy (@) (e dodyd
X2k+1sus$ u(z xy3,>

Note that z € 2¥*+2Q if y € Q and |z —y| < 2**!l. Thus, performing the integration
with respect to y, we see that the last sum is at most

00 l
(2.3) c E 2 kaN+kn / u(z) / s~ 1+eqy(B,(x))*™ ds dz.
k=0 25+2Q 0

In order to estimate the integral

1

(2.4) I= / s~ 1teay(B,(z))59™ ds,
0

note that by doubling and reverse doubling,

8 S

25) ¢ (7)"“ u(By(z)) < w(Bs(z)) < ¢ ( l)"" u(Bi(z)), 0<s<l.
. Hence, if @ > 0 and £ > —a/u, we have for ¢ > 0
I < u(By(z))s/™ /l s~ 1+eads = cu(By(z))*Y/ ™1,
and for € < 0, using (2.5), i
I< c/ol glteq (;)equ w(Bi(z))59™ ds = cl®u(B(z))*9/™.

On the other hand, if @ < 0 and € > —a/v, using (2.5) we have

l v
I< c/ g ltaq (;) sq u(By(z))*Y™ ds < cl*%u(By(z))59/™.
0
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Therefore, (2.3) is less than or equal to

. Z 9—kqN+knjaq / u(Bl(x))eq/nu(z) dr.

k=0 2k+2Q
We will show that the integral in this sum is bounded by c2FMy(Q)(c9/7)+1,
where M depends only on n, u,e and q. If € > 0, the integral is at most
cu(c2kQ)(€q/n)+l < c2knp,[(eq/n)+l]u(Q)(gq/n)+1

by (2.5). If, on the other hand, ¢ < 0, we use the estimate u(B;(z)) > c2~*"#u(2%Q),
z € 25+2Q, to majorize the integral by c2-kreay(c2kQ)(ca/m)+1, By (2.5), this
is less than c2-kueagknul(ea/n)+1ly(Q)(ea/m)+1 if (gq/n) +1 > 0, and less than
c2-kreay(Q)(ea/m)+1 if (¢q/n) + 1 < 0. Substituting this estimate in the se-
ries above and taking NV sufficiently large, we see the series converges, and it
follows that o(Bg) < ¢|Q|*¥/™u(Q)¥/™+!. By condition (1.1) we then obtain
o(Bg) < cv(Q)¥/P, which completes the proof of the sufficiency.

As mentioned in the introduction, the sufficiency part of Theorem 1 can be
modified so that for ¢ > 0, the assumption that u € D, is not needed. We assume
instead that v € Do, N RD,,, a > —veq/p, and of course that (1.1) holds. To see
why this is so, first note that since v € D, and €/n + 1/¢ > 0, (1.1) for cubes is
equivalent to (1.1) for balls, so that if € > 0,

u(Bi(2))/™ < ct0u(By(2))"/?,

with § = eq/(n +eq), 0 < é < 1. Also, there exists v > 0 such that v(By(z)) <
c(t/s)™v(Bs(z)) for 0 < s < t, and therefore

t"‘qu(Bt(z))s"/" < cta(l—6)q(t/s)n'yéq/pv(Bs(x))éq/p
for 0 < s < t. Then, for N big enough, inequality (2. 2) can be replaced by

Ma,us <c/ / ya < Ix—y|>

. —n+a(1—6)q—1 6q/p
v(Bs(x))°V? dy ds.

If we integrate this with respect to u(z)dz, it suffices to show that the function

o,s) = e [ (1 22l sy|>_qu(Bs(x))5q/”u(x)d:c

induces a Carleson measure. Proceeding as usual, instead of (2.3) we get

[ee]
(2.31) cZz—qu+kn/
k=0

!
u(z) / s~1+aa(1=8)y (B, (z))%9/? ds d,
2k+2Q 0

and now in (2.4), I is

l
/ s~ 1+0(1-6)ay(B, (2))59/7 ds;
0

Since § > 0, reverse doubling implies that

l
I< cv(Bl(a:))é"/” </ g~ 1+a(l-6)ggnréq/p ds) l—nv6q/p,
0
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and the last integral converges for a > —veq/p. Therefore,
I < C1o(=8)ay(By(x))be/7,

Hence, (2.3)’ is at most

[e o]
c Z 2_qu+knla(1—5)q/ 'U(Bl (x))éq/Pu(x) d(l:,
pr? 2Ic+2Q
which is less than

oo
¢ Z 2—qu+lcnloz(1—6)qv(c2kQ)6q/pu(2k+2Q).

k=0
Now applying (1.1) and then doubling for v, it follows that the last sum is less than
cv(Q)%/? for N big enough. This completes the proof.

To prove the necessity, since u and v € D, it is enough to show (1.1) for every

ball. Let N be a nonnegative integer that will be determined later. Let ¢ € C§°
be supported in |z| < 1/2, |¢(z)| < 1, and ¢(z) = 1 for |z| < 1/4. Define

Ay = / s(z)a7ds, |y <N.

Then by Lemma 2.6 of [4], there is a function ¢ € C§° whose support is contained
in {1/2 < |z| < 1} such that

/Rn Y(z)z dz = Ay, |4l £ N.

Let f = ¢ — 9, and for a given ball B = Bg(xy), define fg(z) = f((z — zo0)/R).
Note that fp(z) = 1 if |z — 20| < R/4. Now if n € § with [n(z)dz # 0 and
Fp(z,t) = (fB * n¢)(z), we will show that

(2.6) cllflloo R*u(B)*/™ < Mayu,e(fB)(2)

for |z — 29| < R/8 and some ¢ > 0 depending only on 7,u,a and €. In fact, let a
be so large that | |n(u)| du # 0 and

u|>a
2 10]| flloo n(u)| du,

[ nw)du
lu|<a u|>a
and let t* = R/(8a). Then for |z — zo| < R/8, we have

\Fa(z,t%)| > /I e B0~
T-Y|S

/IuISa n(u) du

Therefore, by doubling, we get (2.6).
On the other hand, since fp is supported in B (= Bg(zo)) and its moments of
order < N vanish, a standard computation gives

/ fB(Y)n-(z —y)dy
|z—y|>R/8

2

~11fllo /I . nldu > el

R

—N-1-n
N(f5)(®) < cllflloo (1 i ‘””0') . zer
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Therefore, by choosing N large enough and using the fact that v is doubling, we
obtain || fgllxz < cllflloov(B)'/P; in fact,

Il = [ NUs)@ro(a) da
<elflz Yy~ [ v(z) dz
k=0 l

z—x0|<2kR

(e o]
< el £l Y (@) N ow(B),
k=0
where o is the doubling order of v, and we have only to choose N so large that the
sum converges.
Finally, if we take the gth power of (2.6), integrate over Bg/g(zo) with respect
to u(z) dr and use the norm inequality and the fact that u € Do, (1.1) follows.

3. Proofs of Theorems 2, 3 and 4. The proofs are an application of Theorem
1 and the following lemma, which is a generalization of two inequalities, one given
by Welland in [11] and the other by Hedberg in [7].

LEMMA (3.1). (a) If No is the radial mazimal function defined with ¢(z) =
e’ a>0andue D, with0 < € < a/p, then

No(Iaf)(@) < ¢{Mau.e(f)(2)Mayu,—(£)(z)}2
for every f € §,.
(b) If a,q,6 >0, u € Doy, v € Doy, and the pair (u,v) satisfies (1.2), then
o f(z)] < c”f”?l{j [Ma,u,-e(f)(x)]l—e
for every f € S,, where © = ¢/(c + (n/q)).
PROOF. If f € S, we have the following representation formula for I,,:

(3.2) Lf(z) =c /0 ~ 1R b dt,

where F(z,t) is the convolution of f with a fixed approximation to the identity ¢;,
¢ € S, ¢ radial. In fact, since |[F(z,t)| < ct™" " Ne—lfort > 1, and |F(z,t)| < ¢
for t < 1, the integral above is absolutely convergent and (3.2) follows by taking
Fourier transforms.

To prove (a), observe that when ¢(z) = e~12!” the function G(z,t) = (f*41/2)(z)
satisfies the heat equation, and

(f * b1 % dg12) (z) = (f * Dps)rr2) ().
Consequently, by changing variables in (3.2), we have
(laf s d0m) &) =5 [ 42716 t+s)ds
0

s+6 oo
= %/ (t—8)/D1G(z, t) dt + %/ (t — 8)@/D1G(x,t) dt
s s+6

= %Il + %Iz for any s,6 > 0.
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For I, write

oo
lIg| < /+5(t - 8)(0‘/2)—1% (B(t-s)l/2 (z))_e/" u (B(t_s)x/z (z))e/" |F(:B, t1/2)| dt
s

o0
< / s(t —35)7lu (B(t_,)l/z (x)) A (Bg1/2 (a:))e/” |F(z, t1/2)| dt
s+

(o o]
< Mo elN)) [ MBIt
§1/2
= 2Ma,u,e(f)(z)J2(5)'
For Iy, since u € D, and € < a/u, we have
(t = 8)*/2u (B(e—syrra(2)) /" < ct*/u (Byusa()) ™/,

t > s, and therefore as above,
51/3

1| < Mo —e(f)(z) - 2 /0 t=1u(By(z))/™ dt

= 2cMg u,—<(f)(2)J1(6).
Consequently,

No(Iaf)(x) < 2¢Mou,—e(f)(2)J1(8) + 2Ma e (f) () J2(8)

for every § > 0. Now, we minimize the last expression in é and find that the value
6o at which the minimum is achieved satisfies

2/n Ma,u,e (f) (x)
u (363/2 (22)) = CMa,u,—e('f)(x) '

Also, by the sort of argument used to estimate (2.4), we have that
J1(8) < cu(Bsia(2))¥/™ and  J5(6) < cu(Bsisa(z)) /™.

Hence, we get part (a) of the lemma.
To prove (b), write

I.f(z)=c¢ (/: +/:°) to~1F(z,t)dt = I) + L.

Since |F(z,t)| < N(f)(y) if |z — y| < t, we obtain by integration that |F(z,t)| <
17l zv(Be(z)) /. Thus,

] < el [~ e to(Bea) .
Now since (u,v) satisfies (1.2),
o] < cllllug [ ¢ u(Bu(a)) ™t = el 26
For I, we proceed as in the estimate of I; in part (a) and we get
] < eMag-e1)@ [ T u(Bi@
= cMayu,—e(£)()J1(6)-

Now the proof follows as in part (a).
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PROOF OF THEOREM 2. To prove the sufficiency, let 1/g; = 1/¢ — ¢/n and
1/g2 = 1/q+¢/n for € > 0 to be chosen small. Note that q/2¢; + q/2go = 1. Thus
by Lemma (3.1)(a) and Holder’s inequality, we have for f € §, and € < a/u

[ Mollaf)@)u(a) s < ¢ [ ManeD)@)*Ma-<(7) @) ¥2u(2) da
< e Mo e (DT | Mo, (£ 245 -

Observe that (1.2) is equivalent to two versions of (1.1), one for q;, p, € and the
other for ¢z, p, —¢. Since ¢ > p, by choosing ¢ small enough, we have q; > p,
g2 > p. Hence the desired result follows by applying Theorem 1.

To prove the necessity, let Iy be the unit cube centered at the origin and choose
fo € Sa, | fo(z)] < 1, supp(fo) C o, such that I, fo is not identically zero in Ip. We
will consider a = n + 2,1 =0,1,2,..., since for other a’s the proof is analogous.
Since I, fo is continuous, there is a cube Iy C Io such that |I, fo(z)| > co > 0 for
z € Iy. If I is any cube with center z; and edgelength &, let L; be defined by
Li(z) = 7 + 6z. Then Li(Iy) = I. We take fr(z) = fo(L; '(z)) and have

Lfi(z) = / f1(®)lz - 41> log |z — yl dy

= 6”/fo(z)|:c — Li(2)|log |z — L1(2)|dz

=8I, fo(t) ifz =z +6t tel,
by using the moment properties of fo. Hence, |Iofr(z)| > coll |/ for z € [ =
Li(Ip). Thus, since |I| > c|I|, ¢ > 0, and u € Deo, |[Iaf1llgs > col|*/™u(I)Y/9.

On the other hand, as before, || f1||gz < cv(I)!/?, and the result follows.

PROOF OF THEOREM 3. Since v € RHp.,,, we have v € D, v*(z) =
[v(z)]P/P € Dy and |Q|*/™v*(Q)/P" < cv(Q)'/P for every cube Q. Therefore,
from Lemma (3.1)(b) with u = v* and ¢ = p*,

|Iaf(z)l < c“f”?{f [Ma,v‘,—s(f)(z)]l_e ,

where € > 0 will be chosen small and © = ¢/(e + (n/p*)). Raising this inequality
to the power ¢ and integrating with respect to u(z) dz, we obtain

1/q
Malie <l ([ Masr @] ulo)ds)

To prove the theorem, it is enough to show that

1/q
(33 ([ Mo D@ e} dz) < el

Since the proof of (3.3) is similar to the proof of the sufficiency in Theorem 1, we
will omit some of the details. In fact, it.is clear that (2.2) is true with v*, —¢ and
(1-0©)q instead of u, € and g, respectively. Integrating (2.2) with respect to u(z) dz
and changing the order of integration on the right it is enough to show that the




FRACTIONAL INTEGRALS ON WEIGHTED HP SPACES 585

measure

5(y,s) dyds = {s-l-'h‘““-GN/ (1 y eyl

—(1-6)gN
)

w*(B,(x)) "s(1=O)/myy () da:} dyds

is a Carleson measure, i.e., 5(Bg) < cv(Q)(*~©)9/P. Proceeding as in §2, we can
show that

[ o]
5(BQ) < ¢ E 9—k(1-8)qN+knja(1-6)q / o* (Bl(z))—e(l—e)q/nu(m) dz.
pard 2k+2Q)
Since v* € Do, v* € Dy for some 7, and then

oo
&(BQ) <e¢ E 2—k(1—G)qN+kn—k6(1—9)thla(1—G)qv*(Q)—e(l—e)q/nu(2k+2Q).
k=0
Also v € Dy for some 7, and the pair (u,v) satisfies (1.2). Consequently,
u(2k+2Q) < C|2k+2Q|-aq/nv(2k+2Q)q/p
< 62—kaq+kx‘mq/p|Q|—aq/nv(Q)q/p.
Hence, by choosing N big enough, we obtain
5(Ba) < clQI™*0/my(Q)~*-O/my(Q)or.

Now, v*(Q) < ¢|@|=°P"/y(Q)?"/P, and observing that p*e(1 — ©)q/(pn) = Oq/p
and ap*e(l — B)g/n = aBq, we get

5(Bq) < ev(Q)1 /7.

Finally, as g > p, for ¢ sufficiently small we have (1 —-6)q > p, and by Lemma (2.1)
we have (3.3).
PROOF OF THEOREM 4. We shall use the following lemma from [10].

LEMMA (3.4). Let u € Dy, {ar}7, be a sequence of distinct points in R™,
0<Bc<B,k=1,...,m, and

. Mg(z) = (1 +|z|)? ﬁ (M)ﬂk.
k=1

1+ |z — ak|

Then there exists a constant ¢ > 0 such that
/ u(z)g(z) dz > c|Q|ﬂ/"/ u(z) dz
Q Q

for every cube Q.

To prove the theorem, take 6 such that |6| is small and define Ms = M, 1,
M_s =M,,,—s and

ép
k() = 1+ ja)* T (222 )”,

ai#0

1+ |z —ag|




586 A. E. GATTO, C. E. GUTIERREZ AND R. L. WHEEDEN

Then by Lemma (3.1)(a) and Holder’s inequality, we have

iy < ([ Msseritenea) ([ waserneEuea)

Note that ksu, k; 'u € Do, (see [10] for a proof), k; '(z) = k_s(z) and Mys =
M6 k5u,0- Thus, by Theorem 1, it is enough to show that

Q|(ex6)/n ( /Q Fes(z)ulz) dx)l/p <o ( /Q o(z) d:c) "

In fact, if we take 3 = (a % 6)p, Bx = (ax = 8)p and apply Lemma (3.4), observing
that

kis(z)Iy(z)? =Mg(z) and v(z) = Mu(z)Pu(z) = Hg(z)kzs(z)u(z),
we get the last inequality. This completes the proof of Theorem 4.

4. Applications. In this section, we will show the following corollary of The-
orems 2 and 4.

COROLLARY. Let1<p<g<o00,u,v€ Dy, v satisfy conditions (i)—(v) below
and if p< q
Q1Y u(Q)Y9 < cv(Q)/P  for every cube Q,

or if p = q, u and v satisfy the hypothesis of Theorem 4 with o = 1. Then

IflliLs <cllV£llLg  for every f € Soo,
where V f denotes the gradient of f.

We recall the class of weights introduced by Adams in [2]. For a nonnegative
integer k, P denotes the set of polynomials of degree less than or equal to k and
P_,={0}. If {pj}f=1 CR*mpeZ mjecZ,mj >0,5=1,...,J, we denote

Ry ={R€Py: foreach y=1,...,J, D'R(p;) =0if |y| < m;}

and M = [EJJ-=1 m;] — 1, N = M + mg. The weights in [2] have the form v(z) =
Q(z)Pw(z), 1 < p < 00, where .

(i) Q@) = (1 + le)™ [T,y |z — psI™, Xjom; 20,

(ii) Py UR s spans Py,

(iii) w € A,

(iv) w(z)(1 + |z|)Pt—™) € A, if N >0,

(v) if m; #0, w(z)|z —p; PPV €Ay, j=1,...,J.

For such v and f € So,0, it is shown in (2] that || f|| gz ~ || f||.2 (the distribution
action of an f € So ¢ is defined as usual to be (f,4) = [ f¢dz). We remark that
when n = 1, we have Rj)s = {0}, and the conditions above amount simply to
assuming that v(z) = |Q(z)|Pw(z), where Q(z) is any polynomial and w € A,.

To prove the corollary, we write
(z_: (8 Z; )) (=)
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where R; are the Riesz transforms and f € Sp0. Let u and v satisfy the hypothesis
of the corollary. Then by either Theorem 2 if p < q or Theorem 4 if p = q, we have

(32:, )
Now since R;0f/0z; € Sp,0, we have

o\l llp (2
% () HnHR @),

and since 8f/0z; € So,0, |R;(0f/0z;)|| L2 < c||6f/3:cj||L5 by [1]. This completes
the proof of the corollary.

Now we prove the Sobolev type inequality announced in the introduction. In
fact, to prove the necessity of (1.4) and (1.5) for (1.3), take any function ¢ € C§°,
¢ # 0, whose support is disjoint from the origin. Then by estimating the norms of
f(z) = ¢(Az) in (1.3) and letting A — 0, A — oo, (1.4) follows. To see (1.5), take
ér € Cg° such that suppdr C {R < |z| < R + 1} and supp #r has diameter at
most 1. Then, by taking f = ¢g in (1.3) and letting R — oo, we have v < 8, which
together with (1.4) implies (1.5).

To prove that (1.4) and (1.5) imply (1.3), we assume first that 1/¢ > —y/n. In
this case, we will prove (1.3) for any f € C$°. Let u(z) = |z|?" and v(z) = |z|PP.
Then u and v are locally integrable and satisfy (1.2) if p < ¢ or the hypothesis of
Theorem 4 with o =1 if p = q. Also, it is easy to see that v satisfies (i)—(v) above
if B+ (n/p) > 0and B+ (n/p) # n+m, m =0,1,2,.... Therefore, by the corollary,
(1.3) follows for every f € S0 provided that 8+ (n/p) > 0 and B+ (n/p) # n+m,
m =0,1,2,.... To see that it holds for every f € C§° and that the restrictions on
B can be dropped, we will use the density lemma below together with a change of
variables.

LEMMA (4.1). Let1<p< oo, f € C§, N be an integer > —1 and [ f(z)z° dz
=0 for |o| < N (if N = —1 no moment conditions are imposed). Let v(z) be a
weight satisfying (i)—(v) above with N = [Zfzo m;]—1. Then there exists a sequence
{fx} € So,0 such that fi, — f and 8f;/0z; — 8f/dzj, j=1,...,n, in LE and L?.

PROOF. We take #§j € § with 7(z) = 1 for |z| < 1 and 7(z) = 0 for |z| >
2, and define Yi(z) = n1/k(z) — nk(z) and fi(z) = (f * ¥i)(2), k = 1,2,....
Since ¥ (z) = 7(z/k) — A(kz), ¥k has support contained in 1/k < |z| < 2k, and
therefore, fi € So0. Clearly, fi — f in L? as k — oo. Furthermore, fi — f
pointwise since f * 1/, — f and f * nx — 0 pointwise. If No(f) is formed by
using 7 as the convolver, then |fi(z)| < 2No(f)(z) < c(1+ |z])~"~N~1. Moreover,
v(z) = Q(z)Pw(z) < ¢(1 + |z|) N +VPy(z), and since any w € A,, satisfies

w(z)
/Rn @+ Jay = <

Ifllzg <

it follows that No(f) € L. Thus, by the Lebesgue dominated convergence theorem,
ft — fin L?. The argument for the derivatives is similar.

We now return to the proof of (1.3). As before, we assume 1/q + v/n > 0 and
that (1.4) and (1.5) hold, and let u(z) = |z|97 and v(z) = |z|PP. In case n > 1,
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we will apply Lemma (4.1) with m; = 0 for j = 0,1,...,J (so that N = —1 and
Q = 1). The hypothesis of the lemma requires in this case that v € A,, which
amounts to 0 < 8+ n/p < n. We already know that (1.3) holds for f € Sy for
this range. Note that (1.4) together with 1/q + ~v/n > 0 requires that 1 < 8+ n/p.
Thus, when n > 1, we obtain (1.3) for f € C§° and 1 < 8+ n/p < n by passing to
the limit and applying Lemma (4.1).

If n = 1, note that for any f € C§°, f’ has integral 0. Take N = 0, mg = 0,
J =1and mjy = 1 in Lemma (4.1). Then Q(z) = |z| and v may be written
v = QPw with w(z) = |z|?P~P. The conditions on w required by Lemma (4.1) then
amount to p — 1 < Op < 2p — 1. Applying the lemma to f’ shows that there exists
fx € So,0 such that fry — f’in erlﬂp and L2, p—1 < fBp < 2p — 1. Now write

gk(z) = [°_ fi(t)dt and note that since §i(z) = fr(z)/z, we have g € Sp. Of
course, g; — f'in erl,,,, and L2?. We will show that gy — f pointwise. Fix z and
choose a < 0 with a < z. Then

) — @) < [ oo Fil) = 7)) b

_ ( / ‘; +f ) Felt) - F(2)] dt

a 1/p
<= Py, ([ 1770d) "+l sl -l
z —00

where 1/p + 1/p' = 1. If Bp’ > 1, we obtain g — f. Now (1.3) follows for every
fe€C and 1 < B+ 1/p < 2 by first applying (1.3) to gx for such 3 and then
passing to the limit.

At this point we have shown for fixed p and ¢ that if vy > —n/q and (1.4) and
(1.5) hold, then (1.3) holds for f € C§° provided 1 < 8+ n/p < nifn > 1or
1< B+1/p<2ifn=1. Next, we claim that if (1.3) holds for f € C§° with
support disjoint from the origin with p, ¢ and a pair of exponents 7, B, then it also
holds for such f with p,q and the exponents ~, 8 given by v = (1 + @) + an/q,
B = Bo(1+ a)+ a(n/p—1) for every o # —1. It is not hard to see that this fact,
when combined with the remarks above, implies that (1.3) holds for f € C§° with
support disjoint from the origin provided that (1.4) and (1.5) hold, without any
further restrictions on v and 8. Note that a = —1 corresponds to 1/q = —~v/n.

To show the claim, consider the change of variables y = @4 (z) = |z|*z, a # —1.
We shall use the notations ¢/, and ||¢. || respectively for the Jacobian matrix and
the absolute value of the Jacobian of ¢,. It is easy to see that ||¢) ()| < c|z|>™.
For z # 0, the inverse of ¢, is = = ¢35 (y) = |y|~*/(*tVy. Since |z| = |y|'/(e+1)
and [|(¢;1)’|| < cly|7@™/(«+1) | we have by changing variables

: 1/q
“f”Lq <c (/R" |(f o ¢;1)(y)|q|y|(q'y—an)/(a+1) dy)

|=(qY

Therefore, since (¢y—an)/(a+1) = gyo and fo¢, ! € C§ if f € CS® with support
disjoint from the origin, we obtain from (1.3) that

1/p
st 0o < ([ 190700200l dy)

|z|97Y
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for such f. Now observe that V(f o ¢71)(y) = (651) (v)(Vf)(¢51(y)), so that

IV(f o ¢ )W)IP < cly| =/ V|V 1) (63 )P
Consequently, by changing variables again, we obtain

1/p
”f”L" <c (/ |Vf(:l:)|p|x|(°‘+1)Pﬁo—ap+an d:lt) )
R™

|=|9Y

This proves the claim.

Finally, we must show that in case 1/¢ > —v/n, (1.4) and (1.5) imply (1.3) for
any f € C§°. We know this to be true if the support of f is disjoint from 0. Choose
P € C§° with Y(z) = 0if |z| < 1/k, Y(z) = 1 if |z| > 2/k, |¥i(z)|] < 1, and
|Vii(z)| < k. For f € C§°, we write ||fllgs = < |[féllee . +[1F(1— i)l

q .
|z|97Y |z|97 |z|97Y
Since fi, has support disjoint from 0, (1.3) can be applied to the first term on the
right, giving

(BA1PX;

|z|9Y

< eVl ,, + 171 - wolley

[E3C )
< ey, +eliVouler |+~ )l

The fact that 1/q > —~/n implies that |z|?” is locally integrable, and therefore,
the third term on the right tends to 0 as k — co. Moreover, for the second term,
we have

1/p
IfVrller Sk< / Iflplzl””dz) < ck! A7 f]loo,
J=1? 1/k<|z|<2k

which also tends to 0 since 8 > 1 —n/p due to (1.4) and the condition 1/q > —v/n.
This completes the proof of (1.3).

q .
|z|9Y
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